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Based on a microscopic approach, we propose a Lagrangian for the combined system of a rotating
dielectric nanoparticle above a plane surface in the presence of electromagnetic vacuum fluctuations.
In the framework of canonical quantization, the electromagnetic vacuum field is quantized in the
presence of dielectric fields describing the nanoparticle and a semi-infinite dielectric with planar
interface. The radiative heat power absorbed by the rotating nanoparticle is obtained and the result
is in agreement with previous results when the the rotational frequency ω0 of the nanoparticle is
zero or much smaller than the relaxation frequency of the dielectrics. The well known near field
effect is reexamined and discussed in terms of the rotational frequency. The radiative heat power
absorbed by the nanoparticle for well-known peak frequencies, is plotted in terms of the rotational
frequency ω0 showing an interesting effect resembling a phase transition around a critical frequency
Γ, determined by the relaxation frequency of the dielectrics.
Recent developments of nanotechnology and nanoscale
devices like scanning thermal microscopes [1–3] have raised
a lot of questions in the well-known category of near field ef-
fects. Radiative Heat Transfer (RHT) between two objects,
like a tip of microscope near to a substrate, [4, 5] is one of
these challenging problems. This problem has been stud-
ied in some special cases like two semi-infinite bodies [6, 7]
and a point like particle close to a plane interface [8, 9].
Since the particle radius, in this case, is much smaller than
the Wien wavelength of thermal radiation, the spectra of
radiation differs significantly from the macroscopic body
radiation like black body [10].
While investigating these static nanoscale effects have at-
tracted a lot of interests, adding motion and studying them
dynamically, where it could raise some interesting quan-
tum effects, like quantum friction [11, 12] and dynamical
Casimir effect [13], is more challenging.
The aim of the present work is to drive the radiative
heat power absorbed by a dielectric nanoparticle rotating
along it’s axis of symmetry above a plane interface (FIG.
1), in the framework of the canonical field quantization ap-
proach. The approach is a generalization of the scheme
introduced in [14]. For this purpose, we first find the ex-
plicit form of the quantized electromagnetic and also di-
electric fields using Heisenberg equations of motion in non-
relativistic regime (velocity of a point on the surface of the
nanoparticle is much less than the speed of light), then
the derivation of the radiation heat power absorbed by the
nanoparticle is a straightforward problem in this scheme. A
general formula for the radiation heat absorbed by a rotat-
ing nanoparticle above a plane surface is obtained and the
effect of rotation on the absorbed radiation heat is studied.
A feature guaranteeing the consistency of the approach, is
the coincidence of the results obtained here with the pre-
vious results [8, 15] for the case ω0 = 0 or when ω0  Γ,
where ω0 and Γ(1/τ) are the angular velocity of the rota-
tion and relaxation frequency(time) respectively. Actually,
in this case the rotating and non-rotating particle have the
same spectrum.
The Lagrangian describing the whole system is the La-
grangian of the electromagnetic vacuum field plus terms
modeling the dielectrics and their interaction with the elec-
tromagnetic vacuum field by continuum of harmonic oscil-
lators [16, 17]. The rotating nanoparticle and the semi-
infinite bulk interact with the electromagnetic vacuum field
and the radiation heat transfer happens during this indi-
rect interaction. The radiative heat transfer for a static
point like particle has been studied widely [8, 9, 18]. Fol-
lowing the method introduced in [17], we study the heat
transferred to the rotating nanoparticle and its physical
consequences.
Let us consider the following Lagrangian for a spheri-
cal nanoparticle rotating along its symmetric axis (z-axis)
with angular velocity ω0, in the vicinity of a semi-infinite
dielectric space
L = 1
2
0 (∂tA)
2 − 1
2µ0
(∇×A)2 + 1
2
∫ ∞
0
dν [(∂tX (1)
+ ω0∂ϕX)
2 − ν2X2]− 0
∫ ∞
0
dν fij(ν, t)X
j∂tAi
+ 0
∫ ∞
0
dν fij(ν, t)X
j(v ×∇×A)i + 1
2
∫ ∞
0
dν [(∂tY)
2
− ν2Y2]− 0
∫ ∞
0
dν gij(ν)Y
j∂tAi,
where Xi and Yi are the dielectric fields describing the
nanoparticle and the bulk dielectric, respectively. The bulk
considered to be in local thermodynamical equilibrium at
temperature T . To drive this Lagrangian, the coordinate-
derivative and field transformations between rotating and
fixed or laboratory frames are used. Note that in the lab-
oratory or fixed frame, the electromagnetic fields are non-
rotating fields, therefore, there is no need to modify them
in Eq.(1). The nanoparticle is moving so the coupling ten-
sor fij between the vacuum field and the field Xi should be
time dependent while the coupling tensor gij between the
vacuum field and the field Yi, describing the non-moving
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2bulk dielectric, is time independent.
fij(ν, t) =
 fxx(ν) cos(ω0t) fxx(ν) sin(ω0t) 0−fyy(ν) sin(ω0t) fyy(ν) cos(ω0t) 0
0 0 fzz(ν)
 ,
gij(ν) =
 gxx(ν) 0 00 gyy(ν) 0
0 0 gzz(ν)
 . (2)
Here we are considering homogeneous dielectrics where the
coupling tensors inside them are position independent and
outside the dielectrics are identically zero. We also assum-
ing that the local velocity v = ω0×r (the velocity of a point
with position r in the particle frame) is non-relativistic, i.e.,
|v|  c, so we can ignore from the magnetic term in Eq.(1).
To canonically quantize the system, we need the conjugate
momenta corresponding to the fields. From Eq.(1) we have
Πi(r, t) =
∂L
∂(∂tAi)
= −0Ei − PP,i − PB,i,
QPi =
∂L
∂(∂tXi)
= ∂tXi + ω0 ∂ϕXi,
QBi =
∂L
∂(∂tYi)
= ∂tYi, (3)
where we have defined PP,i(r, t) =
0
∫∞
0
dνfij(ν, t)X
j(r, t, ν) and PB,i(r, t) =
0
∫∞
0
dνgij(ν)Y
j(r, t, ν) as the electric polarization
components of the nanoparticle and the bulk dielectric
respectively. The system is quantized by imposing the
equal-time commutation relations
[Ai(r, t),Πj(r
′, t)] = i~ δij δ(r− r′), (4)
[Xi(r, t, ν), Q
P
j (r
′, t, ν′)] = i~ δij δ(r− r′)δ(ν − ν′),
[Yi(r, t, ν), Q
B
j (r
′, t, ν′)] = i~ δij δ(r− r′)δ(ν − ν′).
The equations of motion for the electromagnetic and mat-
ter fields can be obtained from Euler-Lagrange equations
or equivalently from Hamiltonian, using Heisenberg equa-
tions. By making use of the azimuthal symmetry and non-
relativistic approximation, we find [17]
PP (r, ω) = P
N
P (r, ω) + 0χ
P (ω,−i∂ϕ)E,{
∇×∇× − ω
2
c2
I− ω
2
c2
χP (ω,−i∂ϕ)− ω
2
c2
χB(ω)
}
·E
= µ0ω
2(PNP +P
N
B ), (5)
where PNP and P
N
B are the fluctuating or noise electric
polarization components defined by
PNP,k(r, t) = 0
∫ ∞
0
dν fki(ν)X
N
i (r, ν, t), (6)
PNB,k(r, t) = 0
∫ ∞
0
dν gki(ν)Y
N
i (r, ν, t).
The fluctuating or noise matter fields XN and Y N , are the
homogeneous solutions of the equations of motion for the
matter fields. One can expand these noise fields in terms
FIG. 1: A rotating nanoparticle (with the radius
a = 5nm) above a semi-infinite dielectric (Bulk dielectric)
of the ladder operators in the body frame as
XNi (ρ, ϕ, z, ν, t) =
∑
m
[
eimϕei(ν−mω0)t a†i,m(ρ, z, ν) (7)
+ e−imϕe−i(ν−mω0)t ai,m(ρ, z, ν)
]
,
Y Ni (r, ν, t) = e
iνt b†i (r, ν) + e
−iνt bi(r, ν),
and from the canonical quantization rules Eq.(4)
[ai,m(ρ, z, ν), a
†
j,m′(ρ
′, z′, ν′)] =
~
4piν
δij δmm′δ(ν − ν′)
δ(ρ− ρ′)δ(z − z′)
ρ
,
[bi(r, ν), b
†
j(r
′, ν′)] =
~
2ν
δij δ(ν − ν′)δ(r− r′). (8)
If the dielectric bodies are held in temperature T , then
〈a†i,m(ρ, z, ν) aj,m′(ρ′, z′, ν′)〉T =
~
4piν
nT (ν) δmm′δij
δ(ν − ν′)δ(ρ− ρ
′)δ(z − z′)
ρ
, (9)
〈b†i (r, ν), bj(r′, ν′)〉T =
~
2ν
nT (ν) δij δ(ν − ν′)δ(r− r′),
where nT (ω) = [exp(~ω/kT )− 1]−1.
In the body frame of the nanoparticle, the coupling ten-
sor fij is time independent and diagonal, corresponding to
setting ω0 = 0. In this frame, the response functions de-
noted by χ0kj(ω) can be obtained in terms of the diagonal
components of the coupling tensor as [17]
χ0kk(ω) = 0
∫ ∞
0
dν
f2kk(ν)
ν2 − ω2 , (10)
leading to
f2kk(ν)
ν
=
2
pi0
Im[χ0kk(ν)]. (11)
It can be easily shown that the response functions of the
rotating nanoparticle in the laboratory frame and the body
3FIG. 2: The absorbed radiation heat power spectrum as a
function of frequency for different angular velocities (a,b)
and for different distances from the surface z0(nm) (c).
The bulk is hold at T = 300k and for (a,b) the rotating
nanoparticle is assumed to be at the distance z0 = 10nm
and is rotating with a constant angular velocity
ω0 = 10
14Hz in (c).
FIG. 3: The logarithmic plot of the absorbed radiation
heat power spectrum as a function of angular velocity of
the nanoparticle for the peak frequencies a)
ω = 1.783× 1014 b) ω = 1.753× 1014.
frame are related trough the following equations [17]
χPzz(ω,m) = χ
0,P
zz (ω −mω0), (12)
χPxx(ω,m) = χ
P
yy(ω,m)
=
1
2
[χ0,Pxx (ω+ −mω0) + χ0,Pxx (ω− −mω0)],
χPxy(ω,m) = −χPyx(ω,m)
=
1
2i
[χ0,Pxx (ω+ −mω0)− χ0,Pxx (ω− −mω0)].
For the non moving bulk dielectric the response functions
in the body frame and the laboratory frame are the same.
The rate of work done by the electromagnetic field on a
differential volume dr of a dielectric is given by j · (E+v×
B) dr, where j = ∂tP−∇×(v×P) is the current density in
matter. In the non-relativistic regime, we can ignore from
the terms containing the velocity v, therefore, the radiated
FIG. 4: The logarithmic plot of the absorbed radiation
heat power versus distance to the surface for different
angular velocities.
power of the rotating nanoparticle can be written as
〈P〉 =
∫
V
dr
∫ ∫ ∞
−∞
dω
2pi
dω′
2pi
e−i(ω+ω
′)t(iω)〈P(r, ω)·E(r, ω′)〉.
(13)
Using the dyadic Green’s tensor Gij and Eq.(5), we find
Ei(r, ω) = E0,i(r, ω) + µ0ω
2
∫
dr′Gij(r, r′, ω)
×(PNP,j(r′, ω) + PNB,j(r′, ω)). (14)
The scalar product 〈P(r, ω) · E(r, ω′)〉 in Eq.(13) leads to
three non-zero expectation values 〈E0,i(r, ω) · E0,j(r′, ω′)〉,
〈PNP,i(r, ω)·PNP,j(r′, ω′)〉 and 〈PNB,i(r, ω)·PNB,j(r′, ω′)〉, where
the first two terms have been studied as thermal and fric-
tional radiation in [17], while the third term, which we
will focus on in the following, is responsible for the heat
transferred from the semi-infinite dielectric to the rotating
nanoparticle.
Using Eqs.(5,13,9) and introducing Imαij(ω) =
V ImχPij(ω,m = 0), we find the following general formula
for the absorbed Radiation Heat power (〈P〉RHT ) for a ro-
tating nanoparticle above a planar surface
〈P〉RHT =
2~
pi
∫ ∞
0
dω
ω5
c4
Imαij(ω)Imχ
B(ω)nT (ω)
×
∫
dr′Gik(r, r′, ω)G∗kj(r, r
′, ω). (15)
Eq.(15) in the non rotating case ω0 = 0, tends to the result
obtained in [8, 15] for a static nanoparticle above a surface
hold at temperature T . The dyadic Green’s functions Gij
for this geometry have been calculated in details in [19].
To find some numerical results, let us consider a nanopar-
ticle and a bulk dielectric made of silicon carbide (SiC)
where the dielectric function is given by the oscillator model
[20],
ε(ω) = ε∞(1 +
ω2L − ω2T
ω2T − ω2 − iΓω
), (16)
4with ε∞ = 6.7, ωL = 1.823× 1014, ωT = 1.492× 1014, and
Γ = 8.954 × 1011. Inserting the dyadic Green’s functions
given in [19] into Eq.(15), the spectrum of the absorbed
radiation heat power by the nanoparticle is plotted in dif-
ferent cases.
Fig.(2) shows the spectrum of the absorbed radiation
heat power by the rotating nanoparticle for some interest-
ing angular velocities (a,b) and also for different distances
from the surface (c). We realize that for angular velocities
much smaller than the relaxation frequency (Γ) of the di-
electrics (ω0  Γ), rotation can not affect the spectrum.
In (a) and (b) the spectrum for ω0 > Γ and ω0  Γ are
depicted, respectively. As a result of (a) there are two re-
markable peaks in agreement with the reported results for a
static nanoparticle [8] and there are two more peaks which
depend on the angular velocity of the nanoparticle, while in
(b) we have peaks in the spectrum with smaller absorbed
radiation heat power spectrum by the rotating nanoparti-
cle. Increasing in absorbed radiation heat power as 1/z30 ,
where z0 is the distance from the surface and ω0 = 10
14Hz,
is shown in (c). For the radiation heat transfer for a static
nanoparticle see [8, 18].
As mentioned before, the rotations with angular veloc-
ities much smaller than the relaxation frequency of the
nanoparticle can not affect the spectrum. To illustrate this,
let us consider the effect of rotation on the peaks of the
spectrum (ω = 1.753 × 1014 and ω = 1.783 × 1014). In
Fig.(3) the absorbed heat power d〈P〉dω is depicted for for
peak frequencies (ω = 1.753 × 1014 and ω = 1.783 × 1014)
in terms of the angular velocity ω0. The effect of rotation
appears around Γ(8.954× 1011) and these plots resembling
a phase transition, where after a sharp change around Γ,
both plots get constant values. One may say, the rotation of
the nanoparticle can cause a phase transition on absorbed
radiation heat power and some interesting phenomena may
appear near the critical frequency shown in Fig.(2)(a).
Fig.(4) shows the total absorbed radiation heat power by
the rotating nanoparticle as a function of the distance z0 for
some angular velocities. The absorbed power increases as
1/z30 at small distances from the surface known as the near
field effect. However, the absorbed radiation heat increases
as 1/z30 just in distances less than 10nm for ω0 = 2× 1013
while for ω0 = 0 and ω0 = 10
14, this behaviour remains
valid up to distances 20nm and 50nm, respectively. The
results for ω0 = 0 are in agreement with those reported in
[8].
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